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Mathematical Approaches
to Natural Language

Grammar
Chomsky
Context Free Grammars
NP -> cats -> cats VP

->
VP -> sneeze cats sheeze
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Mathematical Approaches
to Natural Language

Grammar
Ajdukiewic, Lambek
Type Algebras

cat: NP cats sheeze

sneeze: NPAr S NP (NPAr S)

- S




Mathematical Approaches
to Natural Language

Set-Theoretic

Montague

First Order Logic

cats sneeze Jx cat(x) N sneeze(x)
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Mathematical Approaches
to Natural Language

Pragmatics

Harris, Firth, Saussure
Vector Space Semantics
Meaning of a word depends on its use in the context.

Words that have similar meanings often occur in the
same context.
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Guessing Words from Context
0s;S ) Alao
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Vector Representations for Words

bini
A

sarma-khordegi

»
bimari

shadi
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Vector Representations for Words

bini
A

sarma-khordegi

galo-dard

»
bimari

shadi
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Problems with each approach

Grammar
Spurious Ambiguity
Set-Theoretic

Scope and Binding

| saw the man with a telescope.

If a man has a cat, he feeds it.

Vx(man(z) A Jy cat(y) A has(x,y)) = feeds(z,y)

Modularity cats sneeze Vx cat(r) — sneeze(r)
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Problems with each approach

Grammar
Spurious Ambiguity Single
Set-Theoretic » words
have
Scope and Binding no meaning.

Modularity




Problems with each approach

Grammar
Spurious Ambiguity Single
Set-Theoretic » words
have
Scope and Binding no meaning.
Modularity
Pragmatics

Grammatical structure is not represented.
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Guessing Sentences from Context

0s;S ) Allao (

9 ahac loyw pwlwsl (sSiws L Vgoso (583,95 o yuw
Uil 3,5808 a9, g siMe U g sguiswo sLel 5,5,
S,b 5 a2 59, 05 b asd Vgomo 9 1liso aolsl i g s
iy Jogb aied aw U cowl (Sew piMe (5351 9 39050
o2l b o)ls 3929 (555,930 Jole Gworg £95 gy Sl G
owaisling wlizo £9i A9 | Gauw 395 aS) @ we g gul, JI>

@ Uliws l cwl Sow 9 aiilos 0465 bu=o ;> (Cclw YA 5l Guw G Lwgug gil, i) iVeb

D - J it s e

Monday, 15 December 14



Goal

Develop a mathematical model of natural language that
does not have (or has as little as possible of) (or less of )
these problems.

Methodology

Categorical

CrG Algebra

Type Algebra

Sets and Relations ‘7

Vector Spaces and Linear Maps
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Context Free Grammar

G = (T,N,S,R)

Terminals ,
/ Nomterminals End symbol
a, b? C, € T SeN

A B,CeN
Chomsky Normal Form
A — BC A—a

Application .ﬁAW _* '6CV7

Generation from S ending in T: grammatical sentences
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Generalised Quantifiers

Barwise and Cooper, |98

Context Free Grammar ¢ = (T, N, S, R)

S — NP VP
VP — V NP
NP — Det N

NP — John, Mary, something, - - -
N — cat, dog, man, - - -
VP — sneeze, sleep,- - -
V —love, kiss, - - -
Det — a, the, some, every, each, all, no, most, few, one, two, - - -

Monday, 15 December 14



Generalised Quantifiers

Barwise and Cooper, |98

Set Theoretic Model (U, [ 1)

Semantics of words

NP —-np = |[np|eU
N—on = [n|]CU
VP—=vp = |up|CU
Vouv = [ CUxU
Det +d = [d]: P(U)— PPU)




Generalised Quantifiers

Barwise and Cooper, |98

Semantics of determiners

X contains most A’s}

X contains few A’s}




Generalised Quantifiers

Barwise and Cooper, |98

Semantics of phrases

% A— BC [A] == [C]([B])

Y%[DetN] = [d]([n]) where X € [d]([n]) iff (X N [n]) € [d]([n])
for d e Det,n e N




Meaning of a sentence is true Iiff [vp]([np]) = 1

Sentence with quantified subject

.

[some men sneeze] = | jff [sneeze] N [men] € [some men]




Translate CFG to Type Algebra
Ajdukiewic, Bar-Hillel, Lambek

CFG ==m)> RAG m=m)> LG ==m) PRG

Bar-HiI.IeI Cohen Buszkowski
Shamil Buszkowski
Gaifan

Kuzenstov Buszkowski




Type Algebra
P= (P X, 03,s)

Pregroup Algebra \

Type\Dictionary designated
P=(P<,- (=), (=) 5 s x p element
Vocab
Application p-p <1 p-p<1
Grammatical Reduction wy--w, for w,€X

P11 Pp <P for pi € B(w;)
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Translate CFG to Type Algebra

Non-terminal x o(x)
John, Mary, something, - - - P
cat, dog, man, - - - n
sneeze, sleep,: - - p"-s
love, kiss, - - - p-s-p
a, the, some, every, each, all, no, most, few, one, two, ---| p - n'
SOINC cats
(p-n') m <p-l=p
SOINC cats SNCCZC
l r r _ r _
(p-n’) n (p'-s) <p-l-(p-s)=p-(p-s5)<1l-s=s
John kissed some  cats

p (pr-s-p)-(p-nt) m < 1-(s-p)y-p-l=(s-p)p<s-1=s
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Compact Closed Categories
Kelly and Laplaza, 1980

Objects and morphisms

v




Compact Closed Categories
Kelly and Laplaza, 1980

Binary product of objects and morphisms

AR B

Sequential composition of morphisms

A

B

f®g

foh

A

f

B

C
|
g
|

D

O = o = |




Compact Closed Categories
Kelly and Laplaza, 1980

Epsilon and eta maps

e AAQA—-I,n: ] —> AR A

\__/ A A

satisfying ‘
Al A g‘ﬂ _ |A




Frobenius Algebras
Kock, 1972

Combining and dispatching
TORWA, A0 N

satisfying

X/
P

<




Example: Vector Spaces

Objects: vector spaces Elements: vectors

Morphisms:linear maps Product: tensor product

Epsilon maps: dot product
e =" VeV =R givenby » cji®¢; Y et | ¢5)
1 1]
Eta maps: diagonal matrix
'=n""R—=VaV gvenby 1~ Y r,®n;
Combining: sends a vector to a diagonal matrix

0: V-V ®V given by 721—>E>®v7
L VeV -V givenby ﬁ@@l—)&m’lﬁ
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Example: Sets and Relations

Objects: sets Elements:individuals

Morphisms:relations Product: cartesian product

Epsilon and eta maps

e =€ :Sx S — {x} givenby {((si,85),%) | siy85 €5, 81 = 85}

nl =n" :{x} =9 x5 givenby {(x,(si,55))]|5i,5; €S5,5 =5s;}

Combining and dispatching

0:S—=85xS8 givenby {(si,(s5,5k)) | Si,S5,5k €S,8 =5j = Sk}
p:Sx8S—9S genby {(si,s5),5k) | Si,Sj,5k € 95,8 =5; = Sk}
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Categorical Semantics

Model (C, W, S, ]
Compact Closed /
Category !

Designated Objects with Frob. Structure

Semantics of types [p]=[n]=W [s]=S5

Semantics of words [w] := T — [o(w)]

Semantics of strings [wi--w.]:= [o]([w]®- @ [w,])
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Categorical Algebra




Compact Closed Models of Gen Quant

[Det N| := [d] o [n]
/[n]]\
|
I

—
=

|
W




Compact Closed Models of Gen Quant

Det N| := HOT.

7]

5

—
=




Compact Closed Models of Gen Quant

[Det N := m o

/\

[n]

\

%%

[ N
\

%4

I
-




Compact Closed Models of Gen Quant

[Det N| := [d] o [7]

%4
|
W W %4 54
! \/ N4




Compact Closed Models of Gen Quant
Example: meaning of ~'Det N VP NP”

%
(<
=

<




Compact Closed Models of Gen Quant
Example: meaning of "'NP V Det N”

ANV B AR VAN e

]
W WSW —WW
W

(
-
=]

N H
W 1
S 2
SW W W
) Y u

(1s @ ew) o (1g @ pw @ [d]) o (ew ® lsgw @ Aw) o ([np] & [v] ® [n])




Compact Closed Models of Gen Quant
Example: meaning of "'Det N V Det N”

7] v] 7]




Truth Theoretic Model
Instantiation in sets and relations

Model (Rell PU)|{} 1)

w in N, NPVP [w]: {x} — PU)

winV -
lw] = P(U) @ {x} @ P(U)

d in Det




Truth Theoretic Model
Soundness and Completeness

Definition

The compact closed meaning of a sentence in the
relational interpretation is true iff [NP VP] = {x}

Theorem

The compact closed meanings of sentences are true in
the relational interpretation iff they are true in the
generalized quantifier theory.




Concrete Vector Space Model
(C7 VP(E)? VP(E)? %)

Main vector space Vpx) = = (43},

w in N, NP W = Z,Cj.

w in VP W= AL, Cﬂ

winV W Sk kaj © A)
Definition

For d in Det we define d(W) = ZCOXO where Co is

the degree of statistical association between w and d elements of ZO




Linear Algebraic Closed Forms

> — X
tall men = tall x men

\

7 — —> —
men ate cookies = mefi’ x (até x cookies)

— >

3 te X cookies)

—
men who ate cookies = men © (a

— —>\T — —
some men ate cookies = some(men)” X (ate x cookies)
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Categorical
CFG » Type Algebra » Algebra

Gen Quant

Pregroup Compact
version of
Soundness and completeness Theorem Living on

Sets and Relations

Vector Spaces and Linear Maps
New Theory
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Vector Representations for Words

bini
A

sarma-khordegi

galo-dard

»
bimari

shadi
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Vector Representations for Words

bini
A

Bazi gorbeh-ha sarma khordand.

Bazi sag-ha galo dard gereftand.

—
bimari

shadi
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Disambiguation

Grefenstette and MS, EMNLF, Journal of Computational Linguistics

young child draw sword young child pulled sword

young child sketched sword

Model o
Verb Baseline 0.20
Bigram Baseline  0.14
Trigram Baseline 0.16
Additive 0.10
Multiplicative
AdjMult 0.20
AdjNoun 0.05
CategoricalAdj  0.20
Categorical
AdjMult 0.14
AdjNoun 0.16
CategoricalAdj  0.19
Kronecker
AdjMult 0.26
AdiNoun 0.17
Satcgoncaladl, 927,
Upperbound 0.48
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Sentence Similarity
Kartsaklis and MS, CoNLL, EMNLP

Sentence | Sentence 2
man shut door gentleman close eye
survey collect information page provide datum
project present problem programme face difficulty
Model Ambig. Disamb.
BL | Verbs only 0.310 <K 0.341
M1 | Multiplicative 0.325 < 0.404
M2 | Additive 0.368 < 0.410
T1 | Relational 0.368 < 0.397
T2 | Kronecker 0.404 < 0.412
T3 | Copy-subject 0.310 < 0.337
T4 | Copy-object 0.321 < 0.368
Human agreement 0.550
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Term-Description Classification

Kartsaklis, MS, Clark, Rimmel, Coecke, MoL, JLC

Term Description

1 emperor person who rule empire

2 queen woman who reign country

3 mammal animal which give birth

4 plug plastic which stop water

S carnivore animal who eat meat

6 | vegetarian person who prefer vegetable

7 doll toy that girl prefer

3 football game that boy like

9 skirt garment that woman wear

10 widow woman whose husband die

11 orphan child whose parent die

12 teacher person whose job educate children
13 | comedian artist whose joke entertain people
14 priest clergy whose sermon people follow
15 | commander | military whose order marine obey
16 clown entertainer whose trick people enjoy
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Results

Term-Description Classification

Base; Frob " Frob Mult Mult Add
s = . (noun; );|without Rel. Pr.|with Rel. Pr.|/with without Rel. Pr.

MRR|0.70§ 0.82 | 0.71 0.78 0.76 0.75
Acc |[056f 0.5 || 0.56 0.62 0.62 0.62
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Wrong Classifications?

Term Description Cosine
football game that boys like 0.62
woman who reigns country 0.24
toy that girls prefer 0.18
woman whose husband died 0.18
priest clergy whose sermon people follow 0.53
woman who reigns country 0.45
woman whose husband died 0.37
person who rules empire 0.35
plug toy that girls prefer 0.24
plastic which stops water 0.22
woman who reigns country 0.17
game that boys like 0.17
clown woman who reigns country 0.28
toy that girls prefer 0.24
woman whose husband died 0.24
game that boys like 0.24
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Entailment

Definition (Entailment via Feature Inclusion)

U F w Whenever features of v are included in features of w.

Proposition
If v+ w and dFd then it follows that 4(v)F d'(W)

for a feature defined to be a non-zero context.




Empirical Evaluation

Pairs of entailed words harvested from corpus

government — body| bill = program

war —— conflict

mortgage —

loan

town —> location

Pairs of entailed quantifiers

all = some
much F some

all = several | all = many
many ~ some|several = some

some |t all
some [ many

several £ all | few I all

few I many
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Empirical Evaluation

Experiment with entailed noun phrases

all bills = some programs|all bills ~ several programs|all wars - many conflicts

some bills I/ all programs|several bills I/ all programs| few wars # all conflicts

Experiment with entailed sentences

all bills fail. = some programs fail. all wars are bad. = many conflicts are bad.

some bills fail. t# all programs fail.|few wars are worth fighting. t/ all conflicts are worth fighting.
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Conclusions

Abstract categorical model for NL
Instantiations

sets and relations: set-theory

vector spaces: pragmatics

Extending the pragmatic model from words to sentences

some Empirical Evaluation




Mevrsi!
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Go US[Q

Everything
Images

Videos

News

Shopping

dog Search

About 1,400,000,000 results (0.13 seconds) Advanced search

Dog - Wikipedia, the free encyclopedia

The domestic dog (Canis lupus familiaris and Canis
lupus dingo) is a domesticated form of the gray wolf, a
member of the Canidae family of the order ...

List of dog breeds - Onigin of the domestic dog - List of
most popular dog breeds

en.wikipedia.org/wiki/Dog - Cached - Similar -

Block all en.wikipedia.org results
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Go ugle

Everything
Images

Videos

News

Shopping

A man Killed his dog Search

About 24 100,000 results (0.11 seconds) Advanced search

Police say Spotsylvania man Killed by his

dog | Richmond Times ...

15 Jun 2011 ... Police say a Spotsylvania County man
found dead in his home was killed by his pit bull.
www2 timesdispatch.com/.../police-say-spotsylvania-
man-killed-his-dog-ar-1109796/ - Cached -

Block all www2 timesdispatch.com results
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Translate CFG to Type Algebra

r-t=- A — B(C




Translate CFG to Type Algebra

S > NPVP === o(VP)=o(NP) o(S)

VP — V NP » (V) = a(VP) - o(NP)
NP — Det N

Terminals

End Symbol




Truth Theoretic Model
Instantiation in sets and relations

Model (Rel,P(U),{x},[])

win N,NPVP [ {x} — P(U)

w] := {{a} | foreach a € [w]}

winV -

[w] = PU) @ (x} @ P(U)

[w] = {({a}. {b}) | (a,b) € [w]}

the relation corresponding to | d]




Truth Theoretic Model
Example

Meaning of Det NVP” is

ep) © (Lpw) ® <) o ([d] ® ppw)) o (Apw) @ 1pw) @ epw))

Suppose we have 2 individuals ™M1, m2 and one cat ¢

[men] = {{m1},{mo}}  [cat] = {{c1}}

The cat and the first man sneeze. [sneeze] = {{m1},{c1}}

Some and all: Some([[men]]) = {{m1}, {ma}, {m1, mo}}
All([[man]]) = {{m1,ma}}
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Truth Theoretic Model
Example

Meaning of some men sneeze’ is computed as follows:

| - (A®1) ([[men]] ® [[sneeze]]) =

Lumats imay), (Umags {meg) F @ (1mag, (€1

2- apply([[Some]] ® u) to the above

{ma},{ma},{m1,ma}} ® {{m1}}

3- apply € to the above
e({{mi}, {ma}, {1, ma}y @ {({mi}}) = {+)




