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On the Arithmetical Truth of Self-Referential Sentences
by
KAAVE LAJEVARDI
La Société des Philosophes Chomeurs
and

SAEED SALEHI
University of Tabriz

Abstract: We take an argument of Godel’s from his ground-breaking 1931 paper, generalize it, and
examine its validity. The argument in question is this: the sentence G says about itself that it is not
provable, and G is indeed not provable; therefore, G is true.

Keywords: Godel’s first incompleteness theorem, the Godel sentence, self-reference, truth,
arithmetic, soundness, o-consistency
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Ludwig Wittgenstein:
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Ludwig Wittgenstein:

I imagine someone asking my advice; he says: “I have con-
structed a proposition (I will use ‘P’ to designate it) in Rus-
sell’s symbolism, and by means of certain definitions and
transformations it can be so interpreted that it says: ‘P is
not provable in Russell’s system’ Must I not say that this
proposition on the one hand is true, and on the other hand is
unprovable? For suppose it were false; then it is true that it
is provable. And that surely cannot be! And if it is proved,
then it is proved that it is not provable. Thus it can only be
true, but unprovable.”
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Just as we ask, “‘provable’ in what system?”, so we must
also ask, “‘true’ in what system?” True in Russell’s system’
means, as was said: proved in Russell’s system; and ‘false
in Russell’s system’ means: the opposite has been proved in
Russell’s system. —Now what does your “suppose it is false”
mean? In the Russell sense it means ‘suppose the opposite
is proved in Russell’s system’; if that is your assumption,
you will now presumably give up the interpretation that it
is unprovable. And by ‘this interpretation’ I understand the
translation into this English sentence. —If you assume that
the proposition is provable in Russell’s system, that means
it is true in the Russell sense, and the interpretation “P is
not provable” again has to be given up. If you assume that
the proposition is true in the Russell sense, the same thing
follows.
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Further: if the proposition is supposed to be false in some
other than the Russell sense, then it does not contradict this
for it to be proved in Russell’s system. (What is called “los-
ing” in chess may constitute winning in another game.)

— LupwiG WITTGENSTEIN,

Remarks on the Foundations of Mathematics,
G.H. von Wright & R. Rhees (eds.), G.E.M. Anscombe (translator),
(The MIT Press, revised ed., 1978), I, Appendix III, §8, pp. 118 f.
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Further: if the proposition is supposed to be false in some
other than the Russell sense, then it does not contradict this
for it to be proved in Russell’s system. (What is called “los-
ing” in chess may constitute winning in another game.)

— LupwiG WITTGENSTEIN,

Remarks on the Foundations of Mathematics,
G.H. von Wright & R. Rhees (eds.), G.E.M. Anscombe (translator),
(The MIT Press, revised ed., 1978), I, Appendix III, §8, pp. 118 f.

® JULIET FLOYD AND HILARY PUTNAM,
A Note on Wittgenstein’s “Notorious Paragraph” about the
Godel Theorem, The Journal of Philosophy 97:11 (2000) 624-632.
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e Uber formal unentscheidbare Sétze der Principia
Mathematica und verwandter Systeme I
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e Uber formal unentscheidbare Sétze der Principia
Mathematica und verwandter Systeme I

Monatshefte fir Mathematik und Physik 38:1 (1931) 173-198.
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e Uber formal unentscheidbare Sétze der Principia
Mathematica und verwandter Systeme I

Monatshefte fir Mathematik und Physik 38:1 (1931) 173-198.

® On Formally Undecidable Propositions of Principia
Mathematica and Related Systems I
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® Aus der Bemerkung, dafl [R(q); q] seine eigene
Unboweisbarkeit behauptet, folgt sofort, dafl
[R(q); q] richtig ist, denn [R(q);q] ist ja
unbeweisbar (weil unentscheidbar).
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® Aus der Bemerkung, dafl [R(q); q] seine eigene
Unboweisbarkeit behauptet, folgt sofort, dafl
[R(q); q] richtig ist, denn [R(q);q] ist ja
unbeweisbar (weil unentscheidbar).

® From the remark that [R(q);g] says about itself
that it is not provable, it follows at once that
[R(q); q] is true, for [R(q);¢q| is indeed unprovable
(being undecidable).
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® Aus der Bemerkung, dafl [R(q); q] seine eigene
Unboweisbarkeit behauptet, folgt sofort, dafl
[R(q); q] richtig ist, denn [R(q);q] ist ja
unbeweisbar (weil unentscheidbar).

® From the remark that [R(q);g] says about itself
that it is not provable, it follows at once that
[R(q); q] is true, for [R(q);¢q| is indeed unprovable
(being undecidable).
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e VOLKER HALBACH & ALBERT VISSER,

Self-Reference in Arithmetic, I & II,
The Review of Symbolic Logic 7:4 (2014) 671-691 & 692-712.
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Self-Reference in Arithmetic, I & II,
The Review of Symbolic Logic 7:4 (2014) 671-691 & 692-712.
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The method of proof just explained can clearly be applied to

any formal system that, first, when interpreted as represent-
ing a system of notions and propositions, has at its disposal
sufficient means of expressions to define the notions occurring
in the argument above (in particular, the notion “provable
formula”) and in which, second, every provable formula is
true in the interpretation considered. The purpose of carry-
ing out the above proof with full precision in what follows is,
among other things, to replace the second of the assumptions
just mentioned by a purely formal and much weaker one.
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Of these, (I) and (VIII) are of course valid because of the truth-condition of the
material conditional and Modus Ponens, respectively. For all other cases, we will
present triples (4, F, T) which invalidate them.
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Corollary 18 If' S is Xo-complete and w-consistent, then S is X -sound.

Proof Let JuviH(vy) be a Xj-sentence such that S +~ 3JvH(v(). Then S F
JviVua(va = v2 O H(vi). By Theorem 17, JvVYva(va = va D H(vy) is true.
So Jvy H(vy) is true. B

Proposition 19 (Kreisel 1955) There is an w-consistent system that proves a false
X.3-senfence.

Proof Let P(v;) be a formula that expresses {n : PA - E, }. Let
H(x) =gt Iy(P("Ey DI E,) AVZP(TE, D ~ Ey[z]M).

From the arithmetization of the syntax of PA, H (x) can be written out as a for-
mula in the language of PA.

Let K be a diagonal sentence for H(x), i.e., s.t. that (K = H(KM). So K is
true if and only if K when added to PA proves an w-inconsistency. We show that
PA U {K} is w-consistent, as follows.

Suppose that PA U {K'} were w-inconsistent. Then K would be true, i.e., when
added to PA it results in an w-inconsistent system. But also since PA is sound with
respect to truth, PA U {K} would be sound with respect to truth. But any theory
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Theorem 22 The addition of a true T1|-formula A to a system S that is Xo-complete
preserves w-consistency.

Proof (letter from Georg Kreisel 4 April 2005) . Suppose S U {A} is w-inconsistent,
i.e., there is a formula 3x B(x) such that:

SF (A D3xB(x)) (7.10)
and S + (A D~ B(n)) foreachn € w ()

A is of the form YxAg(x) where Ag(x) is o (quantifier-free). So

SE@x ~ Apx) v IxB(x)) (7.12)

SE (A D (AA3IxB(x)) (7.10) and prop. logic (7.13)

St (3x ~ Ao(x) V(A AIxB(x))) (7.13) and prop/pred logic (7.14)
S F3Ax(~ Ap(x) Vv (A A B(x))) (7.14) and pred. logic (7.15)

S+ Aop(n) for each n € w, since VxAg(x) is true and S is Lo-complete  (7.16)
S+ (Ao(n) A (A D~ B(n)) for each n, due to (7.11) and (7.16) and logic in §
(7.17)

S~ (~ Ao(m) v (A A B(n))) for each n by (7.26) and prop. logic (7.18)
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Why “the Gédel sentence”, and not “a Gaédel sentence” ?
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ARITHMETICAL TRUTH OF SELF-REFERENTIAL SENTENCES 13

The moral is that mere equivalence (inside the theory) to its own unprovabil-
ity does not make a sentence worthy of the title “the Godel sentence”, simply
because there could be more than one such sentences, even up to equivalence.
We submit the following as an improvement upon the usual convention:

Definition 3.1. By the Gddel sentence of a recursively enumerable theory 7 we
mean any sentence P satisfying the following properties:

(i) TP« =Pry(#P) and (i) NE P < ~Pry(#P).
KAAVE LAJEVARDI AND SAEED SALEHI

Theorem 3.3. Let P be a Gddel sentence of a recursively enumerable, %,-
complete theory T. Then P is true if and only if T is consistent.

Y¥ /Yy



(VYY) Js 58 SadS slin 3 (5550 JYazd (505650
sV Sy gy 2 dan
ol @it ezl salale e [ \YRA ST YY azigs

ol

Q\ﬁ\} w\-w L
R Q\f.;.;j;.;z P u\f.,\....sg_,fjw 51
IS gy

Y¥/YF



(VYY) Js 58 SadS slin 3 (5550 JYazd (505650
sV ol s s (P e
ol @it ezl salale e [ \YRA ST YY azigs

ol

olsl b b b
2 08uss 5 pases 2
@‘Jf ng)\}fﬁ 2
Lol Caos 3 (058 b 6s) ¢ 5 Sty

Y¥/YE



(VYY) Js 58 SadS slin 3 (5550 JYazd (505650
sV ol s s (P e
ol @it ezl salale e [ \YRA ST YY azigs

ol

olsl p ol b
e oBas y plases sl
o E S
T o)l oa o ey

Y¥/YE



(VYY) Js 58 SadS slin 3 (5550 JYazd (505650
sV ol s s (P e
ol @it ezl salale e [ \YRA ST YY azigs

ol

Q\ﬁ\} w\-w L
R Q\f.;.;j;.;z P u\f.,\...SJJw 51
IS gy

e aslazly @S 6l

Y¥/YE



	سعید صالحی پورمهر و کاوه لاجوردی
	دوشنبه 27 آبان 1398 / سخنرانی ماهانه‌ی انجمن منطق ایران


