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There are two approaches to belief types in game theory:

@ Explicit description consist of a hierarchy of beliefs which satisfy the
coherence requirement that different levels of beliefs of every agent do
not contradict one another.

© Implicit description introduced by Harsanyi in 1960’s for games with
incomplete information played by Bayesian players. Belief types
proposed by a probability distribution over the set of events.
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Type Space

A type space is a triple S = (Q, A, (T;)je/) where:
@ Qs a set of states.

@ Ais a o-algebra over Q.

@ Foreachagentiel, T;: Q2 x A —[0,1]is a function such that
o Ti(w)(.) is a probability measure, for each w € Q,

o Ti(.)(E)is measurablei.e. {weQ | T;(w)(E)>r}e Aforeach E ¢ Aand
reQnio,1].
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In 1990, Fagin and et al. introduced a syntax containing the linear
combination of probabilities, such as:

aj W,(¢1) + e+ akW/(¢k) >C

- FAGIN, R., HALPERN, J. Y., AND MEGIDDO, N. A logic for reasoning about
probabilities. Information and computation 87, 1-2 (1990), 78—128.
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In 1999, Aumann introduced a simpler syntax:
Let / be a set of agents.

¢=p|-¢|ord|Lig (reQn(0,1])

Ll : “agent i assigns probability at least r to ¢”.

Mi¢ = L} ¢ : “agent i assigns probability at most r to ¢”.
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A model is a tuple 9 = (2, A, (T})ie1, v) Where:
@ (Q,A,(T))i) is a type space.
@ v is a valuation function such that v(p) € A for each p € P.

The satisfaction is defined as follows:

MweLlp iff T(w){weW|Mw eep)=r
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Probability logic is not compact. For example:

T={L%_M_1+fp|neN}u{—-L%p}.
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Aumann’s System ©

A0 Any axiomatization of the propositional calculus
Al Log

A2 LT

A3 Li(pA)ALs(pA—p) = Liisp, r+s<1

Ad -L(pAYp)A=Ls(pA-p) > =Lrpsd, r+s<1
A5 Lip—>-Ls—¢p r+s>1

A6 If - ¢ <> o then + Ly < Lyip.
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Aumann’s system is sound but incomplete.
The following schemata are not entailed by X:

A13 M (dAp) AMs(d A=) > Mrpsd, r+s<i.
A1d M (dpAp) A=Ls(p A=) > =Lrysp, r+s<1.
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T* =% +(B)

(B) 1 ((¢1,---,0m) < (41,...,¢n)), then

m n
((A Lri) A (/é Ms;1)) = Liry ety ~(sp+tsm) ¥1)
i= j=

formn>1and (rn+-+rm)—(S2+-+8m) €[0,1].

max(m,n)

¢ refer to either Vi<, 1..cj<m(d), A++- A @) OF to L whenever k > m
(P1,---s0m) < (W1,...,9n) referto Ay,

ROPROY
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T =% +(B)

(B) f ((¢1,...,6m) < (¥1,...,%n)), then
((_/\1 Lr¢i) A (_/> Ms1bj) = Lirsetrm)-(sptsm 1)
i= j=

formn>1and (rn+-+rm)—(S2+--+Sm)€[0,1].

>* is sound and complete.

- HEIFETZ, A. and P. MONGIN, ‘Probability logic for type spaces’, Games and
economic behavior, 2001.
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Y. =X + (ARCH)

(ARCH) If - ¢ — Lsyp forall s< r, then + ¢ — L1.

Y. is sound and complete. l

- ZHou, C, Complete Deductive Systems for Probability Logic with Application to

Harsanyi Type Spaces, PhD thesis, 2007.
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Moss’s conjecture:

Theorem (Zhou)
For formulas ¢ and ), we can constructively find a sufficiently small rational
number e, which depends only on the depth, the accuracy and the number of

propositional letters of ¢ and ) such that

(ARCH') : rs, ¢ > Lrctp = 5, ¢ — Lrip.

For any formula ¢, we have s, ¢ iff Fyr ¢.
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Yy=X+4+5

4 Lip—LiLlg

5 -L1¢ > Li-L1¢

<O < Fr = QA

v

A type space (2, A, (T))i«) is a Harsanyi type when T;(w)(E) = 1 for all
weQand E € Asuch that {w' | T{(w) = Ti(w')} c E.



Sk =y + (Ss)k + {Hy, Ho, Ha}

H1 Lr¢ - KL,¢

H2 —|Lr¢ — K_‘L,¢
Hs Ko~ Lo
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Strong completeness:
To prove the strong completeness we have to add the following rules to ¥,:

@ (CAR) T + ¢ implies {L;) | € A, T} + L,
where A, I is the set of conjunctions of finite subsets of I'.
@ Lindenbaum property

- GOLDBLATT, R. Deduction systems for coalgebras over measurable spaces. Journal
of Logic and Computation 20, 5 (2010), 1069-1100.
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Strong completeness with respect to Markov processes:

>+ Rg
R {Ln...rks(b |s<r}r Ley..rrd

- GOLDBLATT, R. KOzEN, D., MARDARE, R., AND PANANGADEN, P. Strong
completeness for markovian logics. In International Symposium on Mathematical

Foundations of Computer Science (2013), Springer, pp. 655—666.
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A model M = (2, A, T, v) is finitely additive if T(w)(.) is a finitely additive
probability measure for some w € Q.

¥, is strongly complete with respect to the class of finitely additive models.

- ZHou, C. Probability logic of finitely additive beliefs. Journal of Logic, Language and
Information 19, 3 (2010), 247-282.
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Probability logic is not compact. For example:

T={L%_M_1+fp|neN}u{—-L%p}.
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There are a number of sources of non-compactness:
@ o-additivity,

@ Archimedean property of rational numbers,
@ explicit use of negation.
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A formula ¢ is a basic formula if it has one of the following syntax forms:
p=pl-plordldvelLled (reQnf0,1]).
A formula ¢ is a positive formula if it has one of the following syntax forms:

$6:=p|-plond|ove|La|Ms(reQnlo,1]).
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Ultraproduct

Let (M = (i, A;, T;,vi) : i € I) be a family of probability models and U be an
ultrafilter over I. The ultraproduct of 9;s over U is a model
M = HU M; = (Qu,Au, Tu, Vu) where

® Qu =TIy,

@ Ay is a o-algebra generated by the set of all [(A;)], where A; € A; and
[(AD]={[(a)]e W|{ieN]|aeA}eU}

@ Ty is a measurable function induced by the premeasure
T :TyQixA-[0,1]

T'([(w) D) ([(AD]) = lim Ti(wi) (A).

@ [(w)]ewy(p)ifandonlyif {iel|wevi(p)}eU.
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tos’s Theorem for Probability Logic

Let (9; : i e I) be a family of probability models and U be a non-principal
ultrafilter over /. Then {i e I| 9, w; = ¢} € U implies TT, M, [(w;)] = &, for
every basic formula ¢.

| A\

M. Pourmahdian and R. Zoghifard
Suppose that I is a set of basic formulas. T is satisfiable if and only if it is

finitely satisfiable.

A
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Example:
Let

Z={M0(M0p\/L1p)}U{M%(L;_IPAM_%,[))|i€N}.

¥ is finitely satisfiable but it is not satisfiable in any probability model.
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¥ has a finitely additive model.
Let 9 = (N, P(N), T, v) be a probability model where v(p) = {0}. For each
n+0,
x  if0<x<2"-1
T(M({x})={ 2" -
(M(ix}) { 0 ifx>2"-1

Let U be a non-principal ultrafilter over w and define T(0) as follows:

1 ifXeU

T(O)(X):{ 0 ifX¢U

T(0) is a finitely additive and is not a o-additive measure.
M,0E=X.
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Finitely Additive Models

M. Pourmahdian and R. Zoghifard

Let I' be a set of positive formulas which is finitely satisfiable. Then I has a
finitely additive model.
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Lindstréom Theorem for First-Order Logic

Lindstrom, 1969

Any abstract logic extending first-order logic with compactness and the
Lowenheim-Skolem property has the same expressive power as first-order
logic.
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Lindstrom Theorem for Modal Logic

De Rijke, 1995

Any abstract logic extending modal logic with the finite depth and bisimulation
invariance properties does not have more expressive power than modal logic.

Van Benthem, 2006
An abstract logic extending modal logic is equivalent to it if and only if it
satisfies compactness and the relativization property and is invariant under

bisimulations.
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OT170, M. and R. PIRO, ‘A Lindstrdm characterisation of the guarded fragment and of modal
logic with a global modality’, Advances in Modal Logic, 2008.

VAN BENTHEM, J., B. TEN CATE, and J.A. VAANANEN, ‘Lindstrdm theorems for fragments of
first-order logic’, Logical Methods in Computer Science 5, 2009.

KuURz, A. and Y. VENEMA, ‘Coalgebraic Lindstrém Theorem’, Advances in Modal Logic,
Moscow 2010.

ENQvisT, S., ‘A General Lindstrdom Theorem for Some Normal Modal Logics’, Logica
Universalis 7: 233, 2013.

ENQVIST, S., ‘A new coalgebraic Lindstréom theorem’, Journal of Logic and Computation
26(5):1541-1566, 2016.
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Filtration

@ Let L(P,q,d) be the set of formulas which their propositions are among
the set P, their indexes are multiples of 15 and the depth of them is at
most d.

@ For any probability model 9t and a triple (P, g, d) a filtered probability
model M (P, g, d) is any model satisfying the following properties:

° Qp g0 = {[Wlp,q.a) | WeQ},

° Apg.a) =P(Qp.qa)-

e Foreach [W](p q,q) € Qp,q,0), We have Tp g oy ([W](p,q,q)) = T(W") for
some w" € [W](p q,0)-

° V(p,q.a)(P) ={[w]|wev(p)}.

Proposition

Let M(P, q,d) be a filtered model of 9 through £(P, q,d). Then for any
weQandany g€ L(P,q,d),

M, w = ¢ if and only if M(P, q,d), [W](p,q,q) E ©-
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Suppose that L is an abstract logic.

@ L has the finite depth property if for each formula ¢ € L there isan ne N
such that for any probability model 9t we have 9, w = ¢ if and only if
M, [W]n = p. Where M, is the filtration of 91 to the language £(n, n, n).

@ L is invariant under disjoint unions if for any formula ¢ € L and probability
models Mt and N, we have M, w = ¢ if and only if M N, w = .

M. Pourmahdian and R. Zoghifard

Let L be an abstract logic containing probability logic. If L has the finite depth
property and is invariant under disjoint unions, then L is equivalent by PL.
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Thank you for your attention.
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