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THE PRINCIPLE OF OPEN INDUCTION AND SPECKER
SEQUENCES

MOHAMMAD ARDESHIR AND ZAHRA GHAFOURI

Department of Mathematical Sciences
Sharif University of Technology, Tehran

ABSTRACT. The schema ED asserts that “there exists an intuitionisti-
cally enumerable subset of N which is not intuitionistically decidable”.
We prove that in the presence of Markov’s Principle over Bishop’s con-
structive analysis, “ED is equivalent to the Principle of Open Induction
on [0, 1], via Specker sequences.

1. INTRODUCTION

The Principle of Open Induction on [0,1], OI([0,1]), which is a conse-
quence of the Principle of Bar Induction, is given by the following statement:

Let A be an open subset of [0, 1]. If A is progressive in [0, 1],
then [0, 1] C A, where a subset A of [0, 1] is called progressive
in [0, 1] if

Ve e [0,1](Vy € [0,1](y <z —y € A) -z € A).

Since A is progressive, 0 € A, and since A is an open subset of [0, 1], there
is a rational rg such that [0,79) C A. Again, since A is progressive, ro €
A, and since A is an open subset of [0, 1], there is a rational r such that
(ro —r,mo + 1) C A. Again, since A is progressive, 1 1= rg + 1 € A. We
can continue this process indefinitely. The principle of open induction states
that we will finally obtain the conclusion 1 € A.

Note that classically, we will reach a limit point, like r,,, by the classically
valid fact that a bounded monotone sequence (r,,) converges. It is easily can
be shown that r, € A. If r,, is the last point 1, we are done, otherwise we
start again, and we reach a second limit point, like 7.0 € A. If it isn’t again
the last point, we continue this process, ..., and one would have a series of
(open) intervals having for endpoints

Ty Ty e v ey Ty e e s Ty enes T2y neey Ty en
This is a contradiction, since the above set is uncountable. This is essentially
E. Borel’s proof of the compactness of a closed interval.

OI was introduced by T. Coquand in a constructive framework and then

W. Veldman in [2] provided a list of important equivalent statements of

OI([0,1]), and among them, we are interested in the following one:
1



2 M. ARDESHIR AND Z. GHAFOURI

every enumerable subset of N is nearly-decidable, (ND)
where a subset A of N is called nearly-decidable if and only if

-—3Ja € 28Vn(n € A & a(n) = 1).

M. Ardeshir and R. Ramezanian in [1] introduced the schema ED which
states that

there exists an intuitionistically enumerable subset of N which
is not intuitionistically decidable,

where a subset A of N is intuitionistically decidable if and only if there exists
a in 2N such that, for every n, n € A if and only if a(n) = 1, i.e.

Ja e 2V Vn (n€ A a(n) =1),

and a subset A of N is intuitionistically enumerable if and only if there exists
B in (NU{L}" such that for every n, n € A if and only if Ik(B(k) = n),
ie.

38 e (NU{LY Vn (n € A« Fk(B(k) = n)).

It is proved that ED is consistent with some certain well-known axioms of
intuitionistic analysis, like the Weak Continuity Principle, the Principle of
Bar Induction, the Choice Schema, and the Kripke Schema. It is also shown
that ED is equivalent to the existence of a Specker sequence, a bounded
monotone sequence of real numbers without a limit. As is known, Church’s
Thesis permits the existence of a Specker sequence and then implies ED.

2. THE MAIN RESULT

Veldman proved that, in the presence of Markov’s Principle, ND is equiv-
alent to OI[0, 1], via the Principle of Induction on Enumerable Bars in Baire
space NV and another principle called EnDec?!, stating that:

Every enumerable subset A of N with the property that every
decidable and proper subset of N that is a subset of A is a
proper subset of A, coincides with N.

One can show that —ED is equivalent to ND. We prove that —ED is
equivalent to the Principle of Open Induction on [0, 1] via the concept of
Specker sequences, in the presence of Markov’s Principle:

Vr(A(x) VvV —A(x)) A =—3z A(x) — Jx A(x).

It also provides an easy access to the topic of open induction, a topic which
is gaining attention recently, via relating open induction with Specker se-
quences.

Our work may be considered as a research on constructive reverse math-
ematics based on Bishop’s constructive mathematics.
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ADDING INDISCERNIBLES BY FORCING WITH AN APPLICATION
TO THE MODAL LOGIC OF FORCING

MOHAMMAD GOLSHANI

The modal logic of forcing was introduced by Hamkins and Lowe [3], in which the modal

operators ¢ and [ are interpreted as

Q¢ <= ¢ holds in some set generic extension of the universe
and

O¢ <= ¢ holds in all set generic extensions of the universe.

In [3], it is shown that the modal logic of forcing is exactly S4.2. One of the key points in
their proof is the existence of buttons and switches.

Given a class of forcing notions, I'; we can define the modal logic of the class I' in the
same way, by restricting the forcing notions to elements of T'. In [4], among many other
things, it is proved that the modal logic of collapse forcing is 54.3.

Hamkins and Lowe have asked, in connection with results in [3], whether there can be a
model N of ZFC such that N = N[H| whenever H is the generic collapse of any cardinal
onto w. This question appeared later in Hamkinss paper [2], as question 10. The existence
of such a model has strange impacts on the modal logic of collapse forcings. So a model
of set theory as N above would be an extreme counterexample in having no switches at all
for the class of collapse forcing, and would have valid principles of collapse forcing that are
beyond S5, a hard upper bound for the other natural classes of forcing.

In this talk, I will review the above mentioned work of Hamkins and Lowe and then, I'll
sketch a solution to the Hamkins-Lowe’s question. The proof uses large cardinals and is
based on adding a closed unbounded class of indiscernibles using forcing.

This is joint work with William Mitchell [1].
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Kripke Semantics for Fuzzy Logics

Parvin Safari & Saeed Salehi

September 14, 2016

Abstract

Kripke frames (and models) provide a suitable semantics for sub-classical logics; for
example Intuitionistic Logic (of Brouwer and Heyting) axiomatizes the reflexive and tran-
sitive Kripke frames (with persistent satisfaction relations), and the Basic Logic (of Visser)
axiomatizes transitive Kripke frames (with persistent satisfaction relations). Here, we in-
vestigate whether Kripke frames/models could provide a semantics for fuzzy logics. For
each axiom of the Basic Fuzzy Logic, necessary and sufficient conditions are sought for
Kripke frames/models which satisfy them. It turns out that the only fuzzy logics (logics
containing the Basic Fuzzy Logic) which are sound and complete with respect to a class
of Kripke frames/models are the extensions of the Godel Logic (or the super-intuitionistic
logic of Dummett); indeed this logic is sound and strongly complete with respect to re-
flexive, transitive and connected (linear) Kripke frames (with persistent satisfaction re-
lations). This provides a semantic characterization for the Godel Logic among (proposi-
tional) fuzzy logics. This logic can be aximatized as the Intuitionistic Logic plus the axiom
(¢ = ¥)V(¢ — ), and is sound and strongly complete with respect to reflexive, transitive,
and connected Kripke frames (with persistent satisfaction relations). Godel Fuzzy Logic is
axiomatized as BL plus the axiom ¢ — (p&p) of idempotence of conjunction. Dummett
showed that this logic can be completely axiomatized by the axioms of intuitionistic logic
plus the axiom (¢ — ) V (¢ — ¢). We will show that the only class of Kripke models

which could be sound and (strongly) complete for a logic containing BL must contain the



class of reflexive, transitive, connected and persistent Kripke models. In the other words,
any logic that contains BL and is axiomatizing a class of Kripke frames/models must
also contain the Godel-Dummett Logic. So, a Kripke-Model-Theoretic characterization of
Godel Fuzzy Logic is that it is the smallest fuzzy logic containing the Basic Fuzzy Logic
which is sound and complete with respect to a class of Kripke frames/models. Also, the
class of reflexive, transitive, connected and persistent Kripke models is the smallest class

that can be axiomatized by a propositional fuzzy logic.



Fixpoint modal logic and automata: a
coalgebraic perspective

Fatemeh Seifan

November 27, 2016

From the perspective of modal logic, the fixpoint modal logic uML is a well-
behaved extension of the basic formalism, with a great number of attractive
logical properties. This logic has proved to be an appealing language to reason
about transition systems and found its way to areas including artificial intelli-
gence, economics, linguistics and computer science.

The other central component of this talk is the concept of automaton. Log-
ical languages are declarative and useful to specify properties of mathematical
structures. Automata on the other hand, also express structural properties.
They are devices operating on structures, such as transition systems, and ex-
ploring their properties step by step. They can actually be seen as an alternative
way to think of formulas. Coalgebras then enter this picture in a natural way,
since they uniformly generalize state base evolving systems.

Our goal in this talk is to study the interaction of these areas and review
some of the existing results linking these concepts.



Godel Incompleteness Theorems, Generalized and

Optimized for Definable Theories

Payam Seraji *(joint work with S. Salehi)

Usually, proofs of the Godel’s first incompleteness theorem are stated for recursively enumerable
(r.e) theories, but it is known (and a kind of folklore) that this theorem also holds for definable
theories (a theory T is called definable if the set of (Godel numbers of) its axioms is definable
by a formula ¢(x), i.e. i is (Gédel number of) an axiom of T, iff N F ©(i)), see e.g. [6] and
[5]. Arguments presented in these references need the theory to be sound. We reduce this

requirement to >, _j-soundness:

Theorem 1. If (the set of axioms of ) a theory T O Q is definable by a 3, formula, then there
is a II,, sentence independent from T, provided that T is 3,1 — sound (which mean T" dose not

prove any false ¥, 1 sentence).

We also show that this requirement is optimal in a sense, by constructing a >, _s-sound and
Y.-definable extention of Q which is complete. Another kind of consistency statements are the
n-consistency statements, first introduced by G. Kreisel ([2]). It will be showed that similar

incompleteness phenomenon holds for these statements:

Theorem 2. For anyn > 1, if T O Q is a (n — 1)-consistent theory such that the set of its

axioms 1s L,-definable, then there is a Il, sentence not decidable in T.

*University of Tabriz.

"University of Tabriz.



This result is optimal too and (n — 1)-consistency can not be reduced to (n — 2)-consistency.
This theorem is a stronger form of a result of P. Héjek ([1], theorem 2.5). Unfortunately, the
proof of this theorem is not constructive and our next theorem shows that it is not an accident,

because it is impossible to present a constructive proof for it when n > 3:

Theorem 3. There is no computable function f such that for any X4-definable and 3-consistent
theory Ty 2 Q, f("¢7) | and is a 114 sentence which is independent from Ty, (¢ is the formula

which defines the set of axioms of T').

Our last results are about the generalizing of the second incompleteness theorem. the main

result is the following:

Theorem 4. For any X,-definable and X, _1-sound theory T extending 1Ay + Exp, we have

Tt/ %, _1-Sound(T), where ¥,_1-Sound(T) is a sentence that expresses ¥, 1 soundness of T'.

We show optimality of this theorem by constructing a >,-definable and ,,_s-sound theory
T, 2 PA such that T, F 2,5 — sound(T,) (for any n > 2).
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LOGICAL ASPECTS OF TOPOFRAMES

MOHAMMAD ZARGHANI !, ALI AKBAR ESTAIJI,
AND ABOLGHASEM KARIMI FEIZABADI

ABsTRACT. In this paper, we prepare a general account of the role of
topoframes as the Lindenbaum algebras of a certain type of propositional
theories.

1. Introduction and background

Frames are complete lattices in which infinite joins distribute over finite
meets. Just as Boolean logics can be seen as models for classical propo-
sitional logic, frames can be seen as models for geometric propositional
logic, which is a logic with finite conjunctions and infinite disjunctions. In
this paper we define a bi-system logic (L, Th) all of the elements belonging
to Th have negations in L.

Before starting the main ideas, it will be helpful to make some prelimi-
nary observations.

Definition 1.1. ([2], [5]) A topoframe is a pair (L, 7), abbreviated L.; con-
sisting of a frame (L;V, A, L, T) and a subframe 7 of L all of whose elements
are complemented in L.

Definition 1.2. Let 7; be a topoframe on a frame L;, for every i = 1,2. A
frame homomorphism f : L, — L, is called a (7y, 72)-homomorphism if

f(r1) €12
[1] The following definition illuminate logical aspects of frames.

Definition 1.3. A propositional theory 74 in this context is determined by
the following ingredients.

(1) Its propositions are generated from a given set of basic propositions
by binary conjunction A and disjunction V of arbitrary sets of propo-
sitions, together with the distinguished propositions T (“true”) and
L (“false™).

2010 Mathematics Subject Classification. Primary 06D22; Secondary 11U09.
Key words and phrases. Topoframe, Topo-propositional theory, Lindenbaum algebra,
kernel and closure operator.
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(2) The notion of entailment + between propositions is subject to the
following rules, where a, b, . .. stand for arbitrary propositions and
S for any set of propositions.

(Data.

(iDIfarband bt c,thenat c.

(@ii) \/ S + a whenever s + a forall s € §.
(wyIfarbandat+ c,thenat+ b Ac.

(v) anbrbandaAbtb.

(vi) s+ \/S forall seS.

(vii) L+ V0.

(viii)a v T.
(ix)yan\/S+\V{ans|seS}.

Remark 1.4. We list a few simple consequences of the rules above, where
“=" expresses mutual entailment:
ahNa=a,aNb=bA,aN(bAc)=(@ADb)Ac, LFa;
ifarcandbtrd,thena AbrcAd;

tAN\/S =tforalltesS;

anV/S=\V{arns|seS}

Next, as for other logical systems, any propositional theory Th of this
kind gives rise to its Lindenbaum algebra A(7 /) which consists of all propo-
sitions of 7h modulo provable equivalence a = b, with operations deter-
mined by the propositional operations A, \/, T and L.

2. topo-propositional theories

In this section we extend well-known results for topoframes to the setting
of topo-propositional, the logical bi-structures of topology and define some
arrows on them yielding a closure operator and a kernel operator.

The notion of negation — for propositions has the following rule, where
a, b stand for arbitrary propositions:
ifavb=TandaAb=1,thena=-b

Definition 2.1. Let (L, Th) be a topo-propositional theory and T/ a subset
of L being also a propositional theory. The pair (L, T'h) is said to be a topo-
propositional theory, if

(1) the members of Th have negations in L, and

(2) A(Th) with the propositional operations A, \/, T and L is a sub-
frame of A(L).

We can immediately conclude from Definition 2.1 that for any topo-
propositional theory (L, Th), its Lindenbaum algebra (A(L), A(Th)) is a
topoframe that its inequalities determined by its axioms.
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Lemma 2.2. In a propositional theory L, for any a,b € L, the following
statements are equivalent:

(1) anb=a;
) at b;
B)avb=h.

Proof. (1=2)LetaAb =a. Thenat a A b; also by 1.3(v),a Ab + b and
hence a + b, by 1.3(ii).

(2=3) Let a + b; furthermore, b + b. Soa V b + b, by 1.3(iii); on the other
hand, b + a vV b by 1.3(vi) and hence a V b = b, by definition.

(3=2) Leta Vv b = b; sothata V b + b, by definition; furthermore, a + a vV b
by 1.3(vi) and hence a + b, by transitivity law.

(2=1) Let a + b; furthermore, a + a. Soa + a A b, by 1.3(iv); on the other
hand, a A b + a by 1.3(v) and hence a A b = a, by definition. m|

As an immediate consequence of the latter lemma, a topo-propositional
theory (L, T h) satisfies
Unitrules:aV L=a,aAT =aq,
forevery a € L.

Definition 2.3. In a propositional theory L, the pseudo-negation of an ele-
ment a € L is defined by

a = \/{teLl tha= 1),

Proposition 2.4. Let L be a propositional theory. Then, for every a,b,c € L
and {a;}; C L, the following statements hold.

(1) Ifanb =L, thenatr b

(2) Ifa v+ b, then b* + a”.

3)atra™.

@) (aVv b)* =a" ADb*.

(5) If a € L has a negation, then a* = —a.

6)an(avb)y=aandaV (aAb) = a.

(M avibArc)=(@Vb)yAn(@Vc).

In a topo-propositional theory, infinitary infima in its Lindenbaum al-
gebra is not the same as conjunction unless we add this condition to the
assumptions. For instance, see part (5) of the following proposition.

Proposition 2.5. Let (L, Th) be a topo-propositional theory. Then, fora,b €
Th and {a;}; C L, the following statements hold.

(1) =—a =a.

2) =(aAb)=—-aV —b.

(3) =(aV b) = —-a A —b.
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(4) If a v b, then —b + —a.
(5) If for every S C —Th the conjunction \ S belongs to —~Th and
AS Fsforall s €S, then

ﬂ(\/ a;) = /\ —a; and -aV /\ —a; = /\(—wz V —a;) .
i€l i€l i€l i€l
Proof. (1) This is obvious, by definition.

(2) By distributivity, associativity and unit laws in L, we have
anN((bA-a)Vv(bA-b))
aN((bAN—-a)V 1)
aA(bA-a)

1

(aANb)A(—aV —b)

and
(anb)yVv(-av-b) = ((aV-a)AbV -a))V -b
= (TAMbV-a)V-b
= (bV-a)V-b
= T.

Hence —(a A b) = —a Vv —b.

(3) Since every a € Th has a negation in L, by part (5) of Proposition
2.4, we have a* = —a and so this a particular case of part (4) of
Proposition 2.4.

(4) This a particular case of part (2) of Proposition 2.4.

(5) Since a; + /¢ a;, by part (2), =(\/ ;e a;) + —a;, for every i. Now, let
¢ € L with ¢ + —a; . Then for every i € I, a; + ¢*. It follows that
Vierai - c*. Soc + ™ F =(\/;e a;). In particular, for ¢ := A, —a;,
we have ¢ - =(\/,¢; @;), and hence —~(\/,¢; @;) = A ;e; —a;. The second
assertion follows from part (2) and the first assertion.

O

Definition 2.6. In a topo-propositional theory (L, Th), the binary relation
— on L X L is defined by

(a— b) = \/{teThl tAar b},

and if for every S € =Th, A\ S + s for all s € S, then the binary relation \
is defined by

(axb):= \l=~glgeThbraVg).

The arrows mentioned above yield the following notions.
whenever for any S € —7Th the conjunction /\ S belongs to =Thand A S +
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s for all s € §, the closure of p in Lis the element

Op:=(L\p)= /\{se—'Thlpi—s},
where =Th := {=Th | t € Th}, and the interior of any p € L is the element

Op:=(T—>p)= \/{reThl t+ pl.

The properties of interior and closure are summarized in the following
proposition. It says that O on L is a kernel operator and ¢ on L is a clo-
sure operator.

Proposition 2.7. Let (L, Th) be a topo-propositional theory. Then the op-
eration O from L to L satisfies the following properties.

KHorT=T1,0L=L1.

(K2) op + p.

(K3) Ifa € Th, then a = Oa, and Op = OOp.

(K4) O(p A q) = Op A Og,
for all p,q € L. Also, whenever for any S C —Th the conjunction \ S
belongs to =Th and \'S + s for all s € S, the operation ¢ from L to L
satisfies the following properties:

Cl oL=1,01L=1.

(C2) p+op.

(C3) ¢0p = Op.

(C4) 0(pVq)=0pV g
forall p,q € L.

Proof. (K1) By statement (viii) of Definition 1.3, we have OT + T. On the
other hand,

T+ VTh by statement (vi) of Definition 1.3
= \V{teTh|t+T}
= OT.

So OT = T. The other assertion is easy to verify.

(K2)LetS :={teTh| t+ p}. ThenOp = \/ S F p, by statement (vi) of
Definition 1.3.

(K3) Fora € Th,let S := {t € Th | t + a}. Then, by statement (vi)
of Definition 1.3, a + \/ S = Oa, since a belongs to S. Furthermore, by
assertion (K2), Oa + a, and hence a = Oa. The second assertion follows
from the fact that Op belongs to §.

(K4) By assertion (K2), OpAQOg + pAg and hence O(OpAOq) - O(pAQg).
But O(op A Og) = Op A Og, since Op A Ogq, by definition, belongs to Th,
and soOp AOqg + O(p A g). On the other hand, O(pAg) F Opand O(p A g) +
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Op imply O(p A g) + Op A Ogq, by statement (iv) of Definition 1.3. Thus
O(p A g) = Op A Og, as desired.
The assertion (C1-C4) follows by duality. O

We close with a comment on the equivalence of topo-propositional theo-
ries. Any map of the set of basic propositions of a theory (L, Th;) into the
class of propositions of a theory (L,, Th;) evidently extends to a map of all
propositions of (L, Thy) to propositions of (L,, Th;), and if this extension
takes the axioms of the former to provable entailments of the latter we have
an interpretation of (L;, Th;) in (L,, Th,), which amounts to a model of
(L1, Thy) in (A(L,), A(Thy)), or alternatively a topoframe homomorphism
(A(Ly), A(Thy)) — (A(L,), A(Thy)). Clearly, this suggests an obvious no-
tion of equivalence: (L, Thy) is called equivalent to (L,, Th,) if the result-
ing (A(Ly), A(Thy)) — (A(L,), A(Thy)) is an isomorphism. In particular,
this situation may arise in the special form where one has a one-one onto
map between the basic propositions of (L, Thy) and (L,, T h,) providing an
interpretation of either in the other.
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